The van der Waals and Casimir-Polder interaction of different atoms with graphene is investigated using the Dirac model which assumes that the energy of quasiparticles is linear with respect to the momentum. The obtained results for the van der Waals coefficients of hydrogen atoms and molecules and atoms of metastable He * and Na as a function of separation are compared with respective results found using the hydrodynamic model of graphene. It is shown that, regardless of the value of the gap parameter, the Dirac model leads to much smaller values of the van der Waals coefficients than the hydrodynamic model. The experiment on quantum reflection of metastable He * and Na atoms on graphene is proposed which is capable to discriminate between the two models of the electronic structure of graphene. In this respect the parameters of the phenomenological potential for both these atoms interacting with graphene described by different models are determined.
I. INTRODUCTION
It is common knowledge that dispersion force between two neutral atoms or molecules arises in second order perturbation theory from the dipole-dipole interaction [1] . This force takes its name from the fact that it is caused by the dispersions of dipole operators, i.e., by quantum fluctuations. At short separations, where the electromagnetic interaction can be considered as instantaneous, dispersion force depends only on one fundamental constant, the Planck constant . In this case it is referred to as the van der Waals force [2] . At larger separations, where the retardation of the electromagnetic interaction becomes significant, dispersion force depends on both and the velocity of light c. In this case the force is usually called the Casimir-Polder force [3] . As a result of interatomic interactions, dispersion forces act also between an atom (molecule) and a macroscopic body and between two closely spaced macroscopic bodies (in the retarded regime, the force between two macrobodies is called the Casimir force [4] ).
The van der Waals and Casimir-Polder forces between atoms (molecules) and material walls play an important role in different physical, chemical and biological phenomena [1, 2] . The magnitude and the distance dependence of these forces were measured in several experiments [5] . In the last few years atom-wall interaction is being studied intensively in connection with the phenomenon of quantum-reflection [6] [7] [8] [9] [10] [11] [12] [13] . Theoretical description of atom-wall interaction is given by the Lifshitz theory [1, 2, 4, 5, 14] which expresses the van der Waals and Casimir-Polder energy and force through the dynamic electric polarizability of an atom and the frequency-dependent dielectric permittivity of wall material. A large body of research of atom-wall interactions for different atoms and wall materials on the basis of the Lifshitz theory has been performed in the literature [1, 2, 4, 5, [15] [16] [17] [18] [19] [20] [21] .
Considerable recent attention was attracted to two-dimensional carbon nanostructures, such as graphene, carbon nanotubes and fullerenes [22] . Carbon nanostructures possess unique mechanical, electrical and optical properties which are of major fundamental and applied interest. One of potential applications of carbon nanostructures is to the problem of hydrogen storage [23] . Keeping in mind that one-atom-thick nanostructures are not characterized by the dielectric permittivity, the Lifshitz theory seems to be not immediately applicable. Because of this, dispersion interaction between hydrogen atoms (molecules) and a graphite sheet (graphene) or single-walled carbon nanotubes was investigated mainly by using the phenomenological density functional theory [24] [25] [26] [27] . The second-order perturbation theory was also used [28] to calculate line shifts of a two-level atom interacting with a nanotube. For the multiwalled carbon nanotubes with at least several walls, the concept of dielectric permittivity of graphite was shown to be applicable [29] .
The application of the Lifshitz theory of dispersion interaction to one-atom-thick carbon nanostructures calls for introduction of some other quantity which determines the reflection coefficients instead of usually used dielectric permittivity. In order to extend the Lifshitz theory to the case of carbon systems, the description of graphene in terms of the twodimensional free electron gas [30] was used. Graphene was considered as an infinitesimally thin positively charged flat sheet, carring a homogeneous fluid with some mass and negative charge densities (the hydrodynamic model). The interaction of the electromagnetic oscillations with such a sheet was described by the special reflection coefficients [31, 32] .
The proposed approximate description was applied for the calculation of dispersion interaction between two parallel graphene sheets [33] , between graphene and material plate [34] , graphene and an atom or a molecule, and between an atom or a molecule and a single-walled carbon nanotube [35] . The hydrodynamic model, however, does not take into account that low-energy excitations in graphene are massless Dirac fermions except for the fact that they move with a Fermi velocity rather than with the speed of light [22, 36] . As a consequence, at low energies the dispersion relation for quasiparticles in graphene is approximately linear with respect to the momentum measured relatively to the corners of the graphene Brillouin zone. Under the assumption that these properties, which are referred to as the Dirac model, hold at any energy, the reflection coefficients for the electromagnetic oscillations on graphene were found [37] . These coefficients were used to calculate the Casimir interaction between a graphene and a parallel ideal metal plane [37] .
In this paper we investigate the dispersion interaction of atoms (molecules) with graphene described by the Dirac model. We consider an atom and a molecule of hydrogen, and also atoms of metastable He * and Na often used in experiments on quantum reflection. The van der Waals coefficient C 3 is computed by using the Lifshitz formula as a function of atomgraphene separation. The obtained results are compared with those obtained previously using the hydrodynamic model of the electronic structure of graphene. It is shown that in all cases the magnitudes of the van der Waals and Casimir-Polder energy computed with the help of the Dirac model are less than with the hydrodynamic model. Differences between the two sets of results increase with the increase of separation. We also find the dependence of the predicted van der Waals and Casimir-Polder energies on the value of the gap parameter.
We propose the experiment allowing to discriminate between the predictions of the Dirac and hydrodynamic models of graphene. For this purpose the parameters of phenomenological potential of atom-graphene interaction are determined for atoms of metastable He * and Na.
The paper is organized as follows. In Sec. II we briefly present the Lifshitz formula for atom-wall interaction and the forms of reflection coefficients in both models. Section III contains computational results for the van der Waals coefficient C 3 as a function of separation and gap parameter for atoms and molecules of hydrogen. In Sec. IV similar results are presented for atoms of metastable He * and Na. The parameters of phenomenological potential for these atoms are also determined for the needs of proposed experiment. In
Sec. V the reader will find our conclusions and discussion.
II. TWO MODELS FOR INTERACTION OF ATOMS WITH GRAPHENE
The van der Waals and Casimir-Polder energy in the configuration of a microparticle (an atom or a molecule) and a plane structure can be expressed in terms of reflection coefficients of the electromagnetic oscillations on this structure in the following way [4, 14] E(a) = − 2π
Here, a is the separation distance between the microparticle and the plane, k ⊥ is the magnitude of the wave vector projection on the plane (the latter is perpendicular to the z axis), α(iξ) is the dynamic polarizability of a microparticle calculated along the imaginary frequency axis, and
The reflection coefficients for two independent polarizations of the electromagnetic field, transverse magnetic and transverse electric, r TM,TE , are also calculated along the imaginary frequency axis. In the framework of the scattering approach (see, for instance, Refs. [4, 38] ) it can be proved that under some conditions Eq. (1) holds for any planar structure with appropriately chosen reflection coefficients. Specifically, the use of Eq. (1) is justified if a plane structure (a material of the plate or a graphene) is in thermal equilibrium with an environment at some not too high temperature, and an atom is in the ground state [15] . For instance, the probabilities that an atom is in an excited state are distributed according to the Boltzmann law and are negligibly small at room temperature (T = 300 K). As a result, the zero-temperature Lifshitz formula (1) can be used at sufficiently small separations (see below for quantitative evaluation of its application region).
There are different models of reflection coefficients for graphene using different boundary conditions. In the framework of the hydrodynamic model of the electronic structure of graphene they can be presented in the form [31] [32] [33] [34] [35] 
where the wave number of the graphene sheet K = 6.75 × 10 5 m −1 corresponds to the frequency ω K = cK = 2.02 × 10 14 rad/s. As was explained in Sec. I, the hydrodynamic model does not take into account some important properties of graphene which hold at low energies, specifically that the energy of quasiparticles is a linear function of the momentum.
These properties are well described by the Dirac model of the electronic structure of graphene where the reflection coefficients are given by [37] 
Here α = e 2 /( c) ≈ 1/137 is the fine-structure constant,
is the Fermi velocity, and the function Φ determines the polarization tensor in an external electromagnetic field in the one-loop approximation in three dimensional space-time. The explicit form of this function along the imaginary frequency axis is the following [37] 
where for graphene N = 4,∆ = ∆/( c), and the value of the gap parameter ∆ is not well known. The upper bound on ∆ is approximately equal to 0.1 eV, but it might be also much smaller [22, 37] .
Below, we perform computations of the van der Waals and Casimir-Polder interaction energy between different atoms and graphene. For this purpose it is useful to introduce the dimensionless variable y = 2qa instead of k ⊥ . Then Eq. (1) can be identically rewritten in the form
where the van der Waals coefficient C 3 (a) is given by
Either the hydrodynamic-or Dirac-model reflection coefficients (2) and (3), respectively, can be substituted here keeping in mind that in terms of new variable it holds
Notice that Eq. (5) [4, 15] that at room temperature the zero-temperature
Lifshitz formula provides very exact computational results of atom-plate interaction up to separations of about 1 µm (see Sec. IV for a computational example). As to the function Φ determining the polarization tensor, relativistic thermal quantum field theory does not predict a noticeable change of this quantity at room temperature, as compared to the case of zero temperature (note that computation in Ref. [39] was, strictly speaking, performed in a nonretarded regime).
III. INTERACTION OF HYDROGEN ATOMS AND MOLECULES WITH GRAPHENE
Here, we compare the van der Waals coefficients for interaction of hydrogen atoms and molecules with graphene in the cases when computations are performed with the help of Dirac and hydrodynamic models. To perform computations using Eq. (6), one needs some expressions for the atomic and molecular dynamic polarizabilities of hydrogen. As was shown in Refs. [16, 29] , for the calculation of dispersion forces, the polarizabilities can be represented with sufficient precision in the framework of single-oscillator model
where α(0) is the static polarizability and ω 0 is the characteristic frequency. For a hydrogen atom it was found [40] that α(0) ≡ α a (0) = 4.50 a.u. and ω 0 ≡ ω 0a = 11.65 eV (remind that In Fig. 1(a) we present the computational results for the van der Waals coefficient C 3,H (in atomic units) for a hydrogen atom interacting with graphene as a function of separation.
Note that one atomic unit for C 3 is equal to 4.032 × 10 −3 eV nm 3 . Computations were performed using Eqs. (6) and (8) with the hydrodynamic-model reflection coefficients (2) (the dashed line) and with the Dirac-model reflection coefficients (3) (the upper and lower solid lines obtained with the lower and upper bounds for graphene gap parameter ∆, respectively).
As an upper bound, the value 0.1 eV was chosen (see Sec. II). Keeping in mind that below some ∆ min the values of C 3 are insensitive to further decrese of ∆ (see below), the value of 10 −15 eV was chosen as a lower bound. As is seen in Fig. 1(a) , the values of C 3,H computed using the hydrodynamic and Dirac models are significantly different and the ratio C holds also for other atomic systems considered below. In the nonretarded region a < 3 nm the Casimir-Polder energy depends on separation as a −7/2 . This region is, however, outside the application region of our formalism based on the use of boundary conditions.
The relationship between the two solid lines in Fig. 1(a) demonstrates that the influence of the gap parameter on the value of C 3,H is rather moderate. This is illustrated in more detail in Fig. 1 The computational results for a hydrogen molecule differ from the respective results for a hydrogen atom quantitatively but not qualitatively. In Fig. 2 the van der Waals coefficient C 3,H 2 is plotted as a function of separation [the dashed line is computed using the hydrodynamic model and the two solid lines using the Dirac model with the same gap parameters as in Fig. 1(a) ]. Here, at the shortest separation a = 3 nm it holds C Because of this, using the experimental data for reflection amplitudes, it is possible to restore the form of potential within the limits of experimental error. If the two models of graphene (the hydrodynamic one and the Dirac one) lead to the values of interaction energy which differ dramatically, it might be possible to experimentally exclude some model or find it consistent with the data. To make reflection amplitudes more pronounced it is customary in experiments on quantum reflection to use atoms with large static electric polarizability. This allows to obtain more than one order of magnitude larger values of the van der Waals coefficient C 3 when compared to the values of the same coefficient for hydrogen atoms and molecules plotted in Figs. 1(a,b) (6) and (8) with reflection coefficients, as defined in the hydrodynamic (2) or Dirac (3) models of graphene. The computational results for the van der Waals coefficients C 3,He * as a function of separation are presented in Fig. 3 3,H is not so large as for He * atoms, but still sufficient for experimental purposes.
The upper and lower solid lines in Fig. 4 illustrate the influence of a gap parameter of graphene ∆ on the value of C 3,Na . Thus, at a = 5 nm it holds (C max 3,Na − C min 3,Na /C min 3,Na = 3.2%. At separations a = 50 and 100 nm the relative difference between maximum and minimum values of C 3,Na is equal to 25.6% and 42%, respectively. These results are similar to the respective results for He * atoms.
In almost all papers devoted to the experimental investigation of quantum reflection [6, 7, 11, 13] the comparison of the measurement data with theory is performed with the use of a phenomenological potential for the atom-wall interaction. This simplifies the calculation of theoretical reflection amplitudes to be compared with the experimental ones. The most often used phenomenological potential has the form [4-7, 11, 13]
where l is a characteristic parameter with the dimension of length that depends on the material of the plate. It is assumed that at short separations a ≪ l (typically at separations of a few nanometers where the retardation effects are negligibly small), E ph (a) coincides with the van der Waals interaction energy between an atom and usual material plate [Eq. (5) with practically constant C 3 ], so that C 4 = lC 3 . At large separations, where l is negligibly small in comparison with a, the phenomenological potential (9) coincides with the Casimir-Polder retarded interaction energy −C 4 /a 4 obtained for ideal metal wall [3, 4] . The comparison of computational results obtained using Eq. (9) with measurement data for the reflection amplitudes allows one to determine the experimental values for the parameters l and C 4 .
Note that Eq. (9) does not agree with a nonretarded asymptotic limit for atom-graphene interaction (see Sec. III). As shown below, Eq. (9) provides a very good agreement with computations using the Lifshitz formula only at moderate separations. In Ref. [19] the accuracy of the phenomenological potential was investigated by the comparison with exact results obtained using the Lifshitz theory. It was shown that the phenomenological potential leads to quantitatively correct results only in the limit of short separation distances below 100 nm. This conclusion was confirmed experimentally in Ref. [43] where deviations between the theoretical prediction using the phenomenological potential and the measurement data within the separation region from 160 to 220 nm were demonstrated. Below we use the phenomenological potential (9) only at separations below 100 nm and compare the obtained results with those using the Lifshitz theory. The separation regions where Eq. (9) leads to less than 1% error are specified.
Here, we perform the best fit of the phenomenological potential (9) to the energies E (h) (a) and E (D) (a) computed above for the interaction of He * and Na atoms with graphene described using the hydrodynamic and Dirac models, respectively. In doing so we first use the gap parameter of graphene ∆ = 0.1 eV. The results of the best fit of Eq. (9) to the dashed line in Fig. 3 (a He * atom interacting with graphene described by the hydrodynamic model) are the following: 
It can be seen that the value of E ph (a) from Eq. (9) with the parameters (10) deviate from the dashed line in Fig. 3 for less than 1% in the separation region from 10 to 60 nm. At the shortest and largest separations (3 and 100 nm, respectively) relative deviations achieve 10%.
For the Dirac model, Eq. (9) with the parameters (11) deviates from the lower solid line in Fig. 3 for less than 1% at separations from 6 to 100 nm. The largest relative deviation of 5% holds at a = 3 nm. So large differences in the parameters of phenomenological potential, as predicted by the two models of graphene (by a factor of 6.8 for C 4,He * and by a factor of 6.5 for l He * ), make possible to decide between these models experimentally. The use of alternative values of the gap parameter leaves this conclusion unchanged. 
V. CONCLUSIONS AND DISCUSSION
In the foregoing, we have investigated the van der Waals and Casimir-Polder interaction of different atoms with graphene on the basis of fundamental Lifshitz theory of atom-wall interaction. This was done by using the two approximate models of the electronic structure of graphene proposed in the literature, the hydrodynamic model and the Dirac model. The respective two sets of reflection coefficients for the electromagnetic oscillations on graphene were used in computations of the van der Waals coefficients describing dispersion interaction of hydrogen (H and H 2 ), and He * and Na atoms with graphene as a function of separation.
It was shown that the hydrodynamic and Dirac models of graphene lead to drastically different predictions for the strength of atom-graphene interaction. This conclusion was obtained independently of the value of the gap parameter of graphene which was allowed to reduce from the experimental upper limit to almost zero.
Keeping in mind that both models of graphene are idealizations valid for different values of parameters, the new experiment was proposed capable to discriminate between the alternative theoretical predictions. For this purpose it was suggested to consider the quantum reflection of He * and Na atoms on graphene. Due to large static electric polarizabilities, the van der Waals coefficients for the interaction of He * and Na atoms with graphene were shown to be in several tens times greater than for H and H 2 . This makes the observation of quantum reflection of He * and Na atoms on graphene feasible. For the needs of proposed experiment, we have determined the parameters of phenomenological potential for He * and Na atoms interacting with graphene described by both the hydrodynamic and Dirac models.
It was shown that the parameters obtained using the hydrodynamic model are by a factor varying from 4.0 to 7.1 greater than the parameters obtained using the Dirac model. This
demonstrates that the proposed experiment should be capable to discriminate between the predictions of the Dirac and hydrodynamic models of graphene.
In the future it is supposed to employ the Dirac model for the computation of dispersion interaction between graphene and material plates made of different materials and between various atoms and molecules and carbon nanotubes. 
